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ABSTRACT 

In the absence of a complete M-theory, we gather certain quantum aspects of this 
theory, namely, M-2 and M-5 brane duality and their tension quantization rule 

2k 2 T 2 T 5 = 27m, the M-2 brane tension quantization T 2 = l (2ir) 2 /2K 2 m ) , su- 

persymmetry, perturbative gauge and gravitational anomaly cancellations, and the 
half-integral quantization of [G /2ir], and study the consistency among these quan- 
tum effects. We find: (1) The complete determination of Horava-Witten's rj = A 6 //t 4 
for M-theory on R 10 x S 1 jZi requires not only the cancellation of M-theory gauge 
anomaly but also that of the gravitational anomaly, the quantization of M-2 brane 
tension, and the recently recognized half-integral quantization of [G w /2ir]. (2) A 
well-defined quantum M-theory necessarily requires the presence of both M-2 and 
M-5 branes and allows only n = 1 and m = 1 for the respectively quantized M-2 
and M-5 brane tensions. Implications of the above along with other related issues are 
discussed. 
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1 Introduction 



Hof ava and Witten |T], |2|] recently proposed that the strongly coupled ten dimensional 
Eg x Eg heterotic string is described by M-theory on M 11 = R 10 x S 1 /Z2. Cancellation 
of the gravitational anomaly appearing on the boundary of space time in the M-theory 
requires the introduction of gauge fields with gauge group a copy of E 8 on each 
boundary component. The gauge fields enter via ten dimensional vector multiplets 
that propagate on the boundary of space time. This picture immediately implies that 
there must exist a supersymmetric coupling of ten- dimensional vector multiplets on 
the boundary of the above eleven-manifold to the eleven-dimensional supergravity 
multiplet propagating on the bulk. In the so-called "upstairs" approach (We will 
discuss the "upstairs" and "downstairs" approaches later in this section), this has 
been achieved to the lowest order in supersymmetry in [0] through modifying the 
Bianchi identity dG = for the four-form field strength G[] to 

dG = ^—5(x n )dx n trF 2 , (1.1) 

V2X 2 V ; V ; 

where k is the D = 11 gravitational coupling constant while A is the E 8 gauge coupling 

constant. Based on the known form of the ten dimensional anomalies, Horava and 

Witten extended Eq. ( PD to 

k 2 

dG = -^5{x n )dx n I 4 , (1.2) 

where 

J 4 = Itri? 2 - trF 2 , (1.3) 

with tr the trace in the fundamental representation of the corresponding group (for 

E 8 , it is defined as TrF 2 = 30 trF 2 with Tr the trace in the adjoint representation of 

1 We will use Horava and Witten's notation throughout unless stated otherwise. In their notation, 
Gijkl — diCjKL ± 23 terms, C — C 'u k dx 1 dx J dx K , and dG — ^GijKhdx 1 dx J dx K dx L . The 
comparison with the notation of H is as follows: C DKL = 6y/2C and G DKL = V2G. Our indices I, 
J, K, L run from 1 to 11 while A, B, C, D run from 1 to 10. 
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Eg). 

Modifying dG = to the form of Eq. (|1.2|) implies that the three-form potential C 
is in general transformed under a gauge or a local Lorentz transformation (This is fa- 
miliar in coupling N — 1 supergravity to super Yang-Mills theory in ten dimensions). 
The "Chern- Simons" interactions / CAGAG present in the eleven-dimensional super- 
gravity is therefore not invariant under either of these transformations, therefore the 
presence of anomalies. With the correction J C A X$ to the eleven-dimensional super- 
gravity action either from membrane-fivebrane duality based on M-5 brane worldvol- 
ume one loop anomalies [Q or from one-loop calculation of Type IIA superstring|J, 
both the above gauge and gravitational anomalies can potentially be cancelled. In 
the above 

X 8 = -ltr J R 4 + l(tr J R 2 ) 2 - (1-4) 

For a special solution of G from Eq. (|1.2|) , this is indeed true as shown in 0, |6| even 
though numerical errors occurred which has been corrected recently in ]7) . Requiring 
anomaly-freedom also fixes the ratio of A 6 /k 4 , i.e., determining the gauge coupling 
constant in terms of the gravitational constant. 

Not long after his above work with Horava, WittenF] H pointed out that G w /2n 
should have in general a half-integral period rather than an integral one as previ- 
ously used in establishing the quantization of the M-2 brane tension in terms of the 
gravitational constant 




This is based on the observation that there is a sign ambiguity for the fermion path 

integral for fermions on the membrane worldvolume. This potential inconsistency in 

2 G W is the one used by Witten in his paper Its relation to the present G and to the G DKL 
given in footnote 1 is: G w = T 2 G DKL = V2 T 2 G. 
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defining the sign of the fermion path integral is fortunately correlated to the "Chern- 
Simons" factor coming from the coupling of the membrane worldvolume to the three- 
form potential C. A well-defined membrane path integral can be obtained if G w /2tj 
has a half-integral period in general. For the aforementioned special solution^ of G 
from Eq. ( |1.2|) , it has been shown in || that G w /2n has indeed a half- integral period 
in general. 

In this article, we intend to ask ourselves what we can learn, on a general ground, 
from the requirement of anomaly-freedom for M-theory on M 11 = R 10 x S 1 / Z2 and 
that of a well-defined membrane path integral, i.e., G w /2tt has a half-integral period 
in general. Contrary to what has been claimed in 0, || and recently in |7]], the 
cancellation of pure gauge anomaly or pure gravitational anomaly or both anomalies 
cannot determine 77 = A 6 /k 4 uniquely. To completely determine this 77, we need in 
addition the following: (1) M-2 and M-5 brane duality and the associated quantization 
rulelQ 

2k 2 T 2 T 5 = 2ixn (n = integer), (1.6) 

(2) G w /2tx has a half-integral period in general, (3) M-2 brane tension T2 is quantized 
according to Eq. (|1.5Q . There exist also alternatives of the above which we will discuss 
in the next section. The other lesson of this investigation is that a well-defined 



quantum M-theory requires the presence of both M-2 and M-5 branes and allows 

In 

2k 2 I xvi u UUUDiuu x f — I (2k 2 ) 2 



/ 2 \!/3 / \ 1/3 

only M-2 brane tension T 2 = ( ) and M-5 brane tension T5 = ( -prk 



3 The final expression for G w /2tt is correct in spite of some numerical errors in 0]. 

4 In Q], n was imposed to be a non-negative integer from the fact that a p-brane tension is the 
measure of the energy per unit p-brane volume and it should be non-negative. Recently, these 
tensions are also allowed to be negative purely from the viewpoint of classical solutions from super- 
gravity theories. Past experiences tell us that these extended objects with negative tensions cannot 
be stable quantum mechanically. We therefore insist that n be non-negative throughout this paper 



since we are considering the quantum effects of M-theory. Hence the integer m in Eq. (1.5) should 
also be non-negative. But as we will see in the next section, this will follow automatically once n 
is non-negative. If the non-negative condition for n is dropped, the solution of a = 1, m = — 1 and 
n = —1 is also allowed in addition to the one obtained in the next section. 
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only m = 1 and n = 1 are allowed in Eqs. ( |1.5| ) and ( p..6[ ), respectively. 

Two things remain to be discussed before we move on to the next section. One is 
about the M-2 brane tension quantization of Eq. (|1.5|) . The other is about clarifying 
the role of the "upstairs" and "downstairs" approaches. 

The knowledge we learned from perturbative string theories about the relations 
among various coupling constants indicates that there might be only one independent 
constant in D = 11 M-theory in the absence of a dilaton. This implies that there 
exists a relation between the M-2 brane tension T 2 and the gravitational constant k 
(similarly, a relation between T 5 and k). For a special choice of a twelve manifold as 
Q = D A x D A x D 4 , this relation has been established as given by Eq. ( |1.5| ) in [|], [J. 
For this special choice of manifold, the m in Eq. ( |1.5| ) remains still as an integer even 
with the recent work of Witten || that G w /2n has a half- integral period in general 
and Jq G A G A G is half-integral in general. One cannot derive this formula for a 
general twelve manifold Q. The arguments presented above nevertheless support that 
Eq. ( |1.5|) with m = integer should be true in general. 

In the "upstairs" approach of Hof ava and Witten @ , the bulk action of M-theory 
on R 10 x S l /Z 2 is given by 

S U M = - A / n d 1 V=^(fl +•■■), (1-7) 

2 fir JmJ 1 

where M^ 1 = R 10 x S 1 , all fields are Z2 symmetric, Z2 is generated by a; 11 1— > — x 11 
and "• • •" are the terms involving three-form field and fermions. In the above, the 
k 2 is the one used in the usual eleven dimensional supergravity which is believed to 
be the low-energy effective description of M-theory in D = 11. Recently, Conrad [0 
claimed that the k 2 appearing in the above "upstairs" action should be replaced by 
2k 2 . By this, Conrad obtained the following "downstairs" action following Horava 
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and Witten0 

S m = - A / u d^x^TmiR +•■■), (1-8) 

where M# = R 10 x S 1 /Z 2 = R 10 x I. 

In what follows, I will argue that Horava and Witten's original "upstairs" ac- 
tion given by Eq. (|1.7[ ) is with the correct unit but their "downstairs" action given 
in |2j cannot be the bulk action describing the local physics observed in the bulk 
when the radius of the S 1 /Z 2 is large. On the other hand, Conrad's above proposed 
"downstairs" bulk action is with the correct unit but not his "upstairs" action. 

Our arguments are based on the following: (1) The "upstairs" and "downstairs" 
approaches each should give the same results when implemented properly. (2) The 
bulk M-2 and M-5 brane tensions are independent of whether any boundaries exist 
arbitrarily far away from a local observer or whether a dimension is compact at 
arbitrary large scales^. (3) The bulk Lagrangian constructed by the local observer 
based on local symmetries such as the local supersymmetry should be the same. (4) 
To the local observer, the equations of motion describing, for example, a M-2 brane 
with a given tension T 2 in the bulk background fields, whether they are derived from 
the "upstairs" bulk background field action plus the M-2 brane worldvolume action 
or from the "downstairs" correspondent, should be the same as those from the usual 
eleven dimensional supergravity action plus a M-2 brane worldvolume action, e.g., 
those given by Duff and SteilejlOf . 

The above points, especially (4), immediately imply that the correct "upstairs" 

bulk action is given by Eq. (|1.7| ) while the correct "downstairs" bulk action is given 

by Eq. (|1.8|) . Otherwise, we would obtain different equations of motion describing 

the M-2 brane moving in the bulk from "upstairs" and "downstairs" approaches since 

the observer has the same worldvolume action describing the M-2 brane with a given 
5 This point is borrowed from |7J. 
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tension T 2 in both cases. 

In the above sense, the "downstairs" bulk action can be effectively identified with 
either x 11 > or x 11 < component of the "upstairs" bulk action with the Z 2 sym- 
metry imposed. However, as the radius of S 1 /Z 2 approaches zero, i.e., taking the 
weakly coupled limit of the heterotic string, for which the sense of bulk is diminish- 
ing, two copies of the "downstairs" bulk action Eq. (|1.8| ) have to be used such that 
the correct N = 1 D = 10 supergravity can be obtained, i.e., in this limit, Horava 
and Witten's "downstairs" action is with the correct normalization. Therefore, in 
the "downstairs" approach, studies of the aforementioned bulk properties as well as 
the perturbative gauge and gravitational anomalies of the M-theory need Conrad's 
"downstairs" action while in obtaining the correct weakly coupled low energy effective 
action of the heterotic string, we need Horava and Witten's "downstairs" action. An 



independent check will be provided in section 3, based on a recent work that 
Conrad's "downstairs" action is needed in order to cancel both gauge and gravita- 
tional anomalies. We will never encounter the above complications if the "upstairs" 
approach is employed. As we will see in the next section, there is actually a subtle 
difference between these two approaches. 

The above discussion clearly demonstrates the point of Horava and Witten 
that even though the "upstairs" approach does not manifest the feature of M-theory 
on R 11 x S 1 /Z 2 , it is indeed convenient for calculation. On the other hand, the 
"downstairs" approach is just the other way around. Carrying out the calculations 
properly in the "downstairs" approach is explained well in ^, [/J. In the "upstairs" 
approach, we always begin with the action as if it is on R 10 x S* 1 or simply on R 11 . 
Only at the last step in obtaining the results we need, the Z 2 symmetry is imposed 
on the fields. 
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2 Analysis of Anomalies 

2.1 "Upstairs" Approach 

We begin with the "upstairs" approach. For all the previous studies, a specific solution 
of Eq. ( |1.2| ) was always chosen 0, || [Tj. This equation actually has the following 



general solution 

G = 6dC + a -^- 2 5(x n )dx n Q 3 + ^±^--^- e (x n )h, (2.1) 

where a is an as yet undetermined dimensionless constant, Q 3 = \oj 3 l — ^3Y and e(x 11 ) 
is a step function such that e(x 11 ) = — e(— x 11 ) = 1 if x 11 > and de(x 11 ) / dx 11 = 
25{x 11 ). This general solution was also given recently in [|T^] . 
In terms of components, we have 

G llA BC = ^AiiCabc] + <y^^6(x n )Q 3ABC , (2.2) 

and 

■1 



n a\x n 4!(l + a) k 2 n 
Gabcd = 4\d [A C BC D] + ^7f3^ e ^ ' 



(2.3) 



where Cabc = at x 11 = 0. 

For comparison with Horava and Witten's result of the pure gauge anomaly can- 
cellation 0, we consider the gauge anomaly first. Under a gauge transformation 
5 A = —De(x), from SG = we deduce 



SC = ~-^- 2 5(x n )dx n Ql Y , (2.4) 



where Q\ Y = —treF. In components, 



a k 2 . | , 



SC 11AB = -—5(x u )tieF AB , (2.5) 
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and SCabc = 0. Under this gauge transformation, the "Chern-Simons" interaction 
term 

W = ~ o ^ 9 / d ll xe MlM2 Mii Cm- l M2M 3 Gm4,-m 7 Gm%-m 1 i, (2.6) 
3456fir jm^ 1 " 

in the classical action of D = 11 supergravity is not invariant but transforms as 

SW = - ai ]tf vs I , rf 10 ^ AlA2 - Al0 treF Al ^trF A3A4 F A6A6 trF A7A8 F A9Al0 . (2.7) 
153o A Jm 10 

To cure such a gauge non-invariance of the classical theory, we have to appeal to quan- 
tum anomalies. In the present case that the gauge group is E$ and the Majorana-Weyl 
fermions are in the adjoint representation, the anomalous variation of the effective 
action F for the ten-dimensional fermions is 

ST = 1 JLi J mio d w xe^-^Tr(eF AlA2 F AsA4 • • • F AbAw ), (2.8) 

where Tr is the trace in the adjoint representation of gauge group Eg. As in 0, for E$ 
we have the identity TrW 6 = (lW 2 ) 3 /7200 (and likewise, TreF 5 = TreF(TrF 2 ) 2 /7200) 
and the relation trW 2 = TrW 2 /30. Then we have TreF 5 = (15/4)treF(trF 2 ) 2 . With 
this, Eq. (Ol) can be rewritten as 



ST = 16(L)H\ Lno ^ 10 ^ AlA2 - Alo treF AlA2 trF A3A4 F A5A6 trF A7A8 F A9yll0 . (2.9) 



16(4vr) 5 4! Jm 
Setting SW + 5T = 0, we have 



A 6 a(l + a 



,2 



V = ~= " j ' (4vr) 5 . (2.10) 

Unlike in 0, we can determine the r] only up to an as yet undetermined constant 
a if only the gauge anomaly cancellation is imposed. That Horava and Witten can 

determine the r\ uniquely at this stage is because they chose a specific solution, i.e., 

6 There seems short of a factor i in Eq. (3.5) of Q for <5r (where a \ factor is indeed included 
for Majorana-Weyl fermions). This can be easily checked if one uses the anomalous 12-form, which 
should be halved for Majorana-Weyl spinors, for gauge fields from Green-Schwarz- Witten p3|. Using 
the standard procedure, we obtain Eq. ( |2.8| ). This was also pointed out in Q. 
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setting a = 1 from the outset in Eq. fl2.1|), for Guabc and Gabcd Q- In the following, 
we will show that to determine the 77 completely, more conditions are needed as 
discussed in the introduction. 

We now consider both gauge and gravitational anomaly cancellations^]. The 
"Chern-Simons" interaction of Eq. (|2.6|) can be re-expressed as 



W = / C AG AG. (2.11) 

In order to determine the variation of W under both a gauge transformation 5 A = 
-De and a local Lorentz variation 5u = —DO with uj the spin connection, we have 
to determine the variation of the 3-form C first. It can be deduced from SG = as 

2 

SC = ?LJ^-6(x n )dx n Ql, (2.12) 



3! v^A 2 



where 



Then we have 



Q\ = - QtrGi? - treF) . (2.13) 



I Ql^-f. (2.14) 
Jm 10 4 



12 A 6 

There is an additional Green-Schwarz term which appears in M-theory whose exis- 
tence can be inferred either from D = 11 membrane-fivebrane duality and the world- 
volume anomaly cancellation of M-5 fivebrane f4| or from a one-loop calculation of 
Type IIA superstrings|5[]. It is in general 

W 5 = ^^ — [ CAX 8 , (2.15) 

2v/2(2vr) 4 n J M $ V ' 



7 Actually, for a = 1, the present Guabc agrees with theirs but the present Gabcd are twice 
theirs. This short of factor 2 fortunately gives the correct expression for G w /2n even though their 
77 is short of a factor 8. 

8 This has been considered in Q for the case of a = 1 in the "downstairs" approach. However, the 
variation of the quantum effective action ST used there is for Weyl fermions but not for Majorana- 
Weyl fermions. In other words, a factor 2 is overcounted in the ST there. If the correct ST for 
Majorana-Weyl spinors is used, the gravitational anomaly discussed in || would not be cancelled if 
Horava and Witten's 77 = 2 7 ir 5 is used. 
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where n is the non-negative integer appearing in Eq. ( |1.6j ) and T2 is the M-2 brane 
tension which is quantized according to Eq. (|1.5| ), and the 8-form X$ is given in Eq. 
( |1.4|) . Under the above gauge and local Lorentz variations, 

1 a/(2vr) 2 K 4 \ 1 / 3 



8W* 



[ Ql^X s . (2.16) 



24(2vr) 4 nV 2m A 6 / Jm" 
Since + W5 is not invariant under either gauge or local Lorentz variation, we 
have to appeal to quantum anomalies. The variation of quantum effective action T 
for ten-dimensional Majorana-Weyl fermions in the present case is 

5T = -- } r= / QIa(-^+X 8 ), (2.17) 
2 48(2tt) 5 Jmw Y2 V 4 7 V 7 

which is the half of the ST used in ||. 

Cancellations of both gauge and gravitational anomalies imply tfiy+tfJVs+^r = 0. 

This gives 



A 6 a(l + a) 2 

K 

and 



, (4vr) 5 , (2.18) 



n \ 2m 

Solving the above two equations gives 



V mn 3 

a = _. (2.20) 

2 — v mn 6 

From Eq. ( |2.18j ), we have a > 0. Applying this to the above equation, we have 

< mn 3 < 4, (2.21) 

which has the following solutions: m = l,n = 1; m = 2,n = 1; and m = 3, n = 1 since 
both n and m are non-negative integers (we could include the two cases corresponding 
to a = and a = 00 in the above, one corresponding to zero gauge coupling while 
the other to infinity large gauge coupling). The corresponding a are 1, v2/(2 — \/2) 
and \/3/ (2 — \fS), respectively. 
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If we simply stop here, we must conclude that 77 = ^ is quantized according to 
each pair of (m, n) given in the above. However, the other condition, namely the 
half-integral period of G /2tt, will pick the pair (m — 1, n — 1), therefore, uniquely 
determining the r\. 

From Eq. (|2.3|) , we have G on the (a; 11 = 0) component of the boundary as 

G \ N = 1+ n a t h- (2.22) 

Therefore, from footnote 2, we have 

G w ^„ G 



2tt 2vr 



l + a\V3 1 /i 



;tri? 2 - trF 2 ^) , (2.23) 



2am / 167r 2 \2 

where Eq. ( |1.5| ) has been used. According to what has been discussed by Witten [§], 
a well-defined membrane path integral must require 

f\ _L a \ 1/3 

= I (I = odd integer), (2.24) 

V 2am / 

such that G w /2ir has in general a half- integral period. So we have 

1 + a = 2aml 3 . (2.25) 
Combining this equation with Eq. ( p.20| ), we have 

/ 3 (mn) 3/2 = 1, (2.26) 
which has the following unique solution 

1 = 1, m = 1, n = 1, and a = 1, (2.27) 



since both m and n are non-negative integers^]. It is also clear from Eq. (|2.26 ) that 



/ cannot be an even integer. This implies that even if we naively assume an integral 

9 As one can see, the above conclusion is crucially based on the assumption that m is an integer. 
If we relax m to be a real non-negative number, some conclusions can still be drawn, m must be 
bounded below 4/n 3 and is given by 1/nl 2 with I an positive odd integer satisfying 21 > n. Then 



we have a — n/ {21 — n) which implies a quantized 77 given according to Eq. (2.18) 
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period of G w /2tt from the outset, the above process will force us to conclude a general 
half-integral period for G w /2ir. 
The above uniquely determines 

V = ~ 4 = (4vr) 5 , (2.28) 

which is eight times that of Horava and Witten's. This value of r\ was also obtained 
recently by Conrad]?]]. With it, we have the needed expression 

— =-!-( -trR 2 - trF 2 ) , (2.29) 
2tt 16vr 2 V2 /' K J 

for showing that G w /2n has indeed a half- integral period in general. 

To summarize, the consistency of quantum M-theory must imply: (1) Both M-2 

and M-5 branes must be present. (2) Only the minimum positive integers m = 1 and 

n = 1 are allowed in Eq. ( |1 . 3 ) and Eq. fll.6|) , respectively. This in turn implies that a 



well-defined quantum description of M-2 brane may be possible only for a M-2 brane 



with tension T 2 = ( ^2 J . So is for a M-5 brane with tension T 5 = f 
(3) The value of 77 = X 6 /k a can be determined uniquely to be (47r) 5 . 

2.2 "Downstairs" approach 

To demonstrate the usefulness of different approaches, we here repeat the same pro- 
cess of the previous subsection in the "downstairs" approach following the procedure 
described in |J. 

The key for the present approach is Eq. ( |2.22| ), i.e., on each component of the 
boundary, 

G \ N = ^^^=-i 4 . (2.30) 

Under a gauge and a local Lorentz variations described in the previous subsection, 
we have standard descent equations 

h = dQ 3 , 5Q 3 = dQl, (2.31) 
12 



where Q3 = Xjluj^—uozL and Q\ is given by Eq. ( |2.13| ). In the "downstairs" approach, 
four-form field strength G is always defined as G = 6dC but with its boundary value 
given by Eq. (|2.30| ). Using the first equation in ( |2.31| ), we therefore have (up to an 
irrelevant exact form) 

c tt^*- (2 - 32) 

It follows using the second equation in ( |2.31| ) 

SC \ N = l±£LJ*^dQl (2.33) 

Following ||, we extend this variation to the bulk by writing 

5C = ^1 dQl (2.34) 

12 v^A 2 2 V ; 

The " Cher n- Simons" interaction in the "downstairs" version is again given by Eq. 
( P- 11| ) but with the replacement of M 1 / by Mp 1 . Therefore we have 

SW = / 1 + a t dQl AG AG, 



- 



Ql A (2.35) 



3 V 2 J A 6 Jw» 2 4 
where in reaching the second equality we have used Stokes' theorem, dG = and Eq. 

(MM- 

Similarly, in the present approach, we have the variation of W$ as 

Wi ^_L(W!^"7 QiAXs , (2 .36) 
5 48n (2tt) 4 V 2m AV Jm™ 2 V ; 

/ 2 \l/3 

where T 2 = ( ) and Eq. Q2.34j ) have been used. 



Again 5W + 5W 5 does not vanish. But 5W + 5W 5 + 5T = are possible provided 

A fi 



K 1 



4(l + a) d (2vr) & , (2.37) 
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and 

~\~^T>fi) ~to' (2 ' 38) 
In the above, Eq. ( p. 17] ) for quantum anomalies has been used. Combining the above 
two equations, we have 

nm 1/3 = 1, (2.39) 

whose only solution is n = 1 and m = 1 since both n and m are non-negative 
integers^. 

We have determined m and n completely but not for a. One may think that this 
a can be fixed uniquely if we use the condition that G w /2ii has a half-integral period 
in general as we did in the "upstairs" approach. Unfortunately, the above solutions 

^ = 4(l + a) 3 (2vr) 5 , (2.40) 



K 



n = l, m = l, (2.41) 



already imply that 



GW V2T, ° 



1 trR 2 -trF 2 ), (2.42) 



2tt 2tt' 

= — C- 

16tt 2 V2 

i.e., G w /27r has a half-integral period in general. In other words, in the "downstairs" 
approach, the G-value on the boundary can be defined up to a dimensionless con- 
stant. G w /2tx has always a half-integral period in general provided no gauge and 
gravitational anomalies. 



10 We can also relax m to be a non-negative real number. By this, we can determine m = 1/n 3 

( 2 V /3 

from Eq. ( 2.39| ). So we have M-2 brane tension Ti = n( ) from Eq. ( |1.5| ). Applying this to 

1/3 



Eq. (1.6), we have M-5 brane tension T5 = I , i.e., only the minimum M-5 brane tension is 



allowed. 
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This may make people wonder what happens. However, no contraction exists 
between these two approaches. One can check that the unique solutions for a = 1, 
n = 1 and m — 1 obtained in the "upstairs" approach continue to be a special case 
of the present solutions. Particularly, if we set a = 1 in Eq. ( p.40| ), we obtain again 
rj = (4tt) 5 . 

There actually exists a subtle difference between these two approaches. In the 
"downstairs" approach, under a gauge and a local Lorentz variations, we deduce the 
variation for the three-form C all from the property of Gabcd on the boundary. In the 
"upstairs" approach, we have an additional information from Guabc- It is just this 
additional information that enables us to determine the aforementioned quantities 
uniquely. 

The fact that a half- integral period of G w /2ir is warranted after we impose the 
anomaly-free condition in the "downstairs" approach may provide a new way for us 
to determine uniquely the values for a, n and m. i.e., we identify those conditions 
obtained from gauge and gravitational anomaly cancellations in both the "upstairs" 
and "downstairs" approaches. 

The "downstairs" approach already determines m = 1 and n = 1. Either substi- 
tuting mn 3 = 1 from Eq. ( |2.39|) in the "downstairs" approach to Eq. (|2.20|) in the 
"upstairs" approach or identifying Eq. (|2.18|) in the "upstairs" approach with Eq. 



( p.37p in the "downstairs" approach, we have a = 

3 Consistency Check 

We begin with a discussion showing that Conrad's "downstairs" bulk action is indeed 



correct, based on the recent work by Brax and Mourad ||11|| . Horava and Witten's 



11 In this new approach, we can still gain some information if we relax m to be a non-negative 
real number. We can determine uniquely a — 1, therefore rj — (47r) 5 , and other results given in the 
previous footnote. 



15 



work of M-theory on R 10 xS 1 /^ 0) nevertheless suggests the existence of an open 
supermembrane with each of its two ends lying on each component of the boundary of 
spacetime. Recently, Brax and Mourad went one step further to construct a worldvol- 
ume action for an open supermembrane moving in a flat spacetime with topological 
defects on which the membrane can end. This action is kappa-symmetric and has 
global spacetime supersymmetry. To respect the gauge symmetry of the spacetime 
super three-form potential C, a spacetime super two-form potential must be intro- 
duced whose pullback contributes a new membrane boundary term, which is absent 
for a closed membrane, to the open membrane action. In respect to kappa symmetry, 
one can define two field strengthes as (in our notation) 

G = QdC, H = QdB + 6C. (3.1) 

The above two field strengthes are not independent but related to each other on a 
topological defect as 

dH = G \ N . (3.2) 

Consider this open membrane to move in a curved spacetime with a boundary on 
which super Yang-Mills fields propagate. In order to preserve the kappa-symmetry 
and to obtain one of the heterotic strings in the weak coupling limit, one finds that 
the unique conclusion is Horava and Witten's |], but now from worldvolume rather 
than spacetime perspective. At the same time, one finds that the field strength G 
(It is now the field strength of the background three-form potential C used in the 
previous sections) has to be modified (in our notation) on the (x 11 = 0) component 
of the boundary as 

dH — G \ N = J 4 , (3.3) 

1 8V2tcT 2 V ; 



where T 2 is the membrane tension and I± is given by Eq. (|1.3| ) (for detail, see pT|). 
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In the case of Horava and Witten, G-value on the boundary is essentially deter- 
mined by the requirement of spacetime supersymmetry at the lowest quantum order 
(the Yang-Mills action is the quantum correction to the supergravity action) and the 
coefficient in front of I4 is in terms of the gauge and gravitational constants. While 
in the present case, G-value on the boundary is determined by the requirement of 
preserving kappa-symmetry at worldvolume one loop level and the above coefficient 
is in terms of the membrane tension. One therefore expects that the above two G- 
values on the boundary should agree with each other certainly in a non-trivial way, 
knowing the fact that kappa-symmetry links between spacetime and worldvolume 
supersymmetries. 



As pointed out by Brax and Mourad in jO], the introduction of the two- form 
potential B on the boundary of spacetime and its linkage to the two-form potential 
appearing in the low energy effective action of the heterotic string in the weak coupling 
limit must imply, under a gauge and a local Lorentz variations described in section 2, 

where Q\ is given by Eq. ( |2.13| ). 

The bulk topological terms in the low energy limit of M-theory on R 10 x S 1 /Z 2 in 
the "downstairs" approach with Horava and Witten's normalization as used by Brax 
and Mourad in [TI[] are 

S T = -^f CaG 2 + — ^ / CAX 8 . (3.5) 

n Jm$ V2(2tt) 4 A^ V ; 

This topological action is not invariant under the gauge transformation C — > C + dA. 

Brax and Mourad then introduced a boundary action in the spirit of their worldvolume 

construction for the open membrane action as 

2\/2 f n . ^ , T 2 



AS T = V / BAG + / B A X s . (3.6) 
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Then the total action St + ASt is indeed invariant under the above gauge transfor- 
mation supplemented with B — > B — A. 

However, the boundary term ASt is not invariant under the variation of Eq. (|3.4j) . 
Gauge and gravitational Anomalies arise. They are on the (x 11 = 0) component of 
the boundary 

4 / 1 \ 3 r I 2 1 r 

5 AS T = o ) Ql A 4 + ; , ri / Q\ A X 8 . (3.7) 

6K 2 V8vrT 2 / Jm™ 2 4 48(2vr) 5 Afio 2 v ; 

The striking feature of the present approach is that the last term on the right hand 
of the above equation is independent of any coupling constant. This will determine 
which bulk action one should use in the "downstairs" approach when the anomaly-free 
condition of M-theory is imposed. 

From section 2, we have the variation of quantum effective action given by Eq. 

(Em 

^ = 4t777^/ QIa(-^ + X 8 ). (3.8) 



2 48(2vr) 5 Jm™ 

We expect that 5 ASt + ST vanishes. But this is impossible since the terms involving 
X 8 do not cancel each other exactly because the last term in Eq. ( |3.7| ) is too large by 
a factor 20. This indicates that Horava and Witten's "downstairs" bulk action is too 
large by a factor 2. Therefore, Conrad's "downstairs" bulk action is correct. Using 



2X l/3 



Conrad's "downstairs" bulk action, we have 5ASt + 5T = provided T 2 = ^^5- 
i.e., the M-2 brane tension for m = 1 obtained in the previous section. With this 
result, one can examine that the present G- value on the boundary is the same as that 
obtained in the previous section for a — 1, m — 1 and n — 1. 

The other consistency check showing the correctness of Horava and Witten's "up- 
stairs" bulk action is to go to the weak coupling limit of the heterotic string. Then 



12 It is clear from their paper that Brax and Mourad overcounted 8T by a factor 2 and forced 
themselves to agree with Horava and Witten's bulk "downstairs" action. Otherwise, they would 
obtain Conrad's action much earlier. 
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we expect to obtain the low energy effective action of the E$ x E$ heterotic string. 
The "upstairs" low energy effective action of M-theory on R 10 x S 1 jZi is 

S = -±-l ft^-^E/ trif + ---. (3.9) 

In the weak coupling limit, M-theory metric dS 2 M = gMmndx m dx n can be expressed 
in terms of the heterotic metric as dS 2 ^ = g 4 ^ (dx 11 ) 2 + g~^^ g iiiU dx ii dx u with gn the 
coupling constant of the heterotic string. If we denote the radius of the circular 11-th 
dimension as i?o, the physics radius in terms of M-theory metric is Rn = g^ Rq 
from the above metric relation. As in |J, R is conventionally chosen as \fa! with 
a' the string constant. With this choice and other well-established relations given 
in ||, the eleven dimensional gravitational constant k, M-2 and M-5 brane tensions 
can all be expressed in terms of one single string constant a' (for detail about these 
derivations, see 0). Then, we have, with the Z 2 symmetry imposed on all fields 
during the dimensional reduction, 



S = [ d w x^e- 2 f 

(2tt) V 4 J 



R+ ^trF 2 + 



(3.10) 



(2tt) 7 «'' 

where the present 77 = (47r) 5 is used. From the above action, we have the ten di- 
mensional gravitational constant n w satisfying 2n 2 = (27t)"' ' a' A g 2 H . This is indeed the 
correct relation found independently in ten dimensions, lending firm support to our 
claim. 

The relative factor a'/ 8 in front of the kinetic term of gauge fields in the above 
action now answers once for all that one Yang-Mills instanton corresponds to one 
Strominger's heterotic fivebrane [TJJ rather than eight ones. Many physicists once 

argued that this factor should be[f] a'/ 8 rather than a' as used in [14]. However, if 

13 To my knowledge, this was pointed out first by Paul Townsend. This relative factor a' /8 was 
previously given expl icitly, following the work of 15, in j^] in the action which is essentially 
identical to Eq. (|3.10|) . 
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Horava and Witten's 77 = 2 7 7r 5 is used in the above as in [Q, a factor a'/4 will be 
obtained instead. 

It is now clear that if we take the ten dimensional action Eq. ( ft.lOD as a standard 
one, one would be forced to choose Rq = \J~a! if we insist that the M-theory action 
Q3.9D be reduced to the action (|3.10| ) in the weak coupling limit. 

4 Acknowledgements 

I am grateful to M. J. Duff for discussions, for suggesting me some consistency checks 
and for reading the manuscript. I would also like to thank K. Benakli for reading the 
manuscript. 

References 

[1] P. Horava and E. Witten, "Heterotic and Type I string dynamics from eleven 
dimensions", Nucl. Phys. B460 (1996) 506. 

[2] P. Horava and E. Witten, "Eleven-dimensional supergravity on a manifold with 
boundary", Nucl. Phys. B475 (1996) 94. 

[3] M. J. Duff, R. R. Khuri and J. X. Lu, "String solitons", Phys. Rep. 259 (1995) 
213. 

[4] M. J. Duff, J. T. Liu and R. Minasian, "Eleven-dimensional origin of string/string 
duality: a one-loop test", Nucl. Phys. B452 (1995) 261. 

[5] C. Vafa and E. Witten, "A one-loop test of string duality", Nucl. Phys. B463 
(1995) 261. 

[6] S. de Alwis, "Anomaly cancellation in M-theory", Phys. Lett. B392 (1996) 332. 



20 



[7] Jan O. Conrad, "Brane tensions and coupling constants from within M-theory", 
|hep-th/9708031 . 



[8] E. Witten, "On flux quantization in M-theory and the effective action", [hep- 
th/9609122 . 

[9] S. de Alwis, "A note on brane tension and M-theory", Phys. Lett. B388 (1996) 
291. 

[10] M. J. Duff and K. S. Stelle, "Multimembrane solutions of D = 11 supergravity" , 
Phys. Lett. B253 (1991) 113. 

[11] P. Brax and J. Mourad, "Open supermembranes in eleven dimensions", Phys. 
Lett. B408 (1997) 142. 

[12] E. Dudas and J. Mourad, "On the strongly coupled heterotic string", Phys. Lett. 
B400 (1997) 71. 

[13] M. Green, J. Schwarz and E. Witten, "Superstring Theory" (Cambridge 1987). 

[14] A. Strominger, "Heterotic solitons", Nucl. Phys. B343 (1990) 167; E: Nucl. Phys. 
353 (1991) 197. 

[15] J. A. Dixon, M. J. Duff and J. C. Plefka, "Putting string/five-brane duality to 
the test", Phys. Rev. Lett. 69 (1992) 3009. 

[16] P. K. Townsend, in: Proc. 13th GIFT Seminar on Theoretical Physics: Recent 
Problems in Mathematical Physics Salamanca, Spain, 15-27 June 1992. 



21 



